We generalize the pointwise decay estimates for large data solutions of the defocusing semilinear wave equations which we obtained earlier under restriction to spherical symmetry. Without the symmetry the conformal transformation we use provides only a weak decay. This can, however, in the next step be improved to the optimal decay estimate suggested by the radial case and small data results. This is the first result of that kind.
I. INTRODUCTION
This Article builds up on our previous result [BS09] where we considered wave equations with the defocusing nonlinearity
in n = 3 spatial dimensions restricted to spherical symmetry. Here, by generalizing the technique we can remove the symmetry condition and prove the same decay result |φ(t, x)| ≤ C (1 + t + |x|)(1 + t − |x|) p−2
with some constant C depending only on initial data and the power 3 ≤ p < 5. For the initial data (φ 0 , φ 1 ) we assume the regularity
implying existence of classical solutions φ ∈ C 2 (R × R 3 ), and compact support 1 in |x| < α := 1 2 which, among others, guarantees that the positive definite energy
is finite but not necessarily small. Under these conditions Jörgens [Jör61] has shown global existence, Pecher [Pec74] uniform boundedness and Strauss [Str68] weak uniform decay 1/t 1−ǫ . More references to similar results can be found in our previous publication on that equation [BS09] . We are not aware of any stronger pointwise estimates existing in the literature. While under spherical symmetry the decay rates were well motivated by the numerical analysis [BC08] and an asymptotic result for small initial data [SBCR07] stating that for large t and fixed r the solution behaves like
such strong statements are lacking in the non-spherical case. We are only guided by our spherical result for big data [BS09] and a series of results giving pointwise decay estimates for small initial data [Asa86, ST97, Szp08] . In this context the estimate (2) seems optimal. Here, we combine the technique of conformal compactification developed by Choquet-Bruhat, Christodoulou and others in [CBPS83, Chr86, BSZ90] , the boundedness result for big data of Pecher [Pec74] and some pointwise estimates developed by Asakura [Asa86] and one of us [Szp07] .
Our method has a few steps. First we perform a conformal compactification of the space-time. We map the double-null coordinates u = t + r, v = t − r where r = |x| and the angular coordinates θ, ϕ according to
The conformal factor Ω := r/r multiplies the transformed solution φ( u, v) := Ω −1 φ(u, v) which satisfies the transformed wave equation
in a precompact region of spacetime. There, we are able to show boundedness of some pseudoenergy flux which we further use to show the uniform boundedness of | φ( u, v)| ≤ C. Finally, the inverse transformation gives us the weak pointwise estimate
In the radial case (cf. [BS09] ) there was a family of conformal transformations available, being the mappings of the pair (u, v), which could be adjusted to the power of the nonlinearity p in such a way that the conformal factor Ω already delivered the desired optimal pointwise decay. Without the spherical symmetry these transformations are no more conformal except the one which was related to p = 3 and is now being used. Hence, the rate of decay in (7) corresponds to that of the radial problem with p = 3. In order to improve it (for p > 3 the decay is faster), we need a second step in which we make use of an integral representation of (1), known as the Duhamel formula, and its estimates, briefly
II. CONFORMAL TRANSFORMATION
On R × R 3 , let T + := {(t, x) | 0 ≤ |x| < t} and T − := {(t, x) | 0 ≤ |x| < −t} denote the interior of the forward and backward lightcone of the origin respectively, where the coordinates t : R × R 3 → R and x : R × R 3 → R 3 are the canonical projections. Consider the map
It is an analytic bijection with analytic inverse
If η := dt 2 − δ ij dx i dx j denotes the Minkowski metric on R × R 3 , then its pullback Φ * η by Φ satisfies
where
Hence, the mapping Φ is also conformal. The conformal factor Ω is analytic and has the property that Φ * |x| = Ω|x|.
From the calculations in the spherically symmetric case, more precisely from Equation (10) in [BS09] , it easily follows that if h ∈ C 2 (T − ) is a twice continuously differentiable function on T − , its pullback Φ * h ∈ C 2 (T + ) and satisfies
In particular, let φ ∈ C 2 (T + ) be a classical solution of the semilinear wave equation
where Φ * denotes the push-forward by the diffeomorphism Φ. On the other hand, it follows directly from (10) that if ψ ∈ C 2 (T − ) is a classical solution of the transformed equation (12) on T − , the function φ := ΩΦ * ψ ∈ C 2 (T + ) solves the original equation (11) on T + . Note that for p ≥ 3, the non-linearity in Equation (12) is regular at the origin. In the case p = 3 the functions φ and ψ solve the same Equation (11), which is in this case called conformally invariant.
The method of improving a boundedness result for ψ into a decay estimate for φ by means of the conformal transformation described above is directly related to the Morawetz vector field [Mor62]
with null coordinates u := t + |x| and v := t − |x| used in the context of vector field methods to obtain decay. In fact, Z is the pullback by Φ of the time-like Killing vector field ∂ t on T − ,
III. LOCAL ENERGY ESTIMATE
Having in mind the transformed wave equation (12), the aim of this section is to establish a local energy estimate for equations of the form
with a non-negative function c of class C 2 . An energy density which is expected to be useful for such equations is
While the associated energy will, in general, not be conserved, it will be sufficient to prove boundedness of ψ on the relevant region of T − , provided the function c is monotonically decreasing in t there.
Let ψ ∈ C 2 (T − ) be a classical solution of (14) on T − for p > 2. Then the vector field E given by E := e∂ t − ∂ t ψ ∇ψ · grad is continuously differentiable and
holds on T − . Assume furthermore that ∂ t c ≤ 0 is non-positive then the same is true for div E. This implies, recalling the assumption that the initial data is compactly supported in an open ball of radius α = 1/2 about the origin, that
where i E denotes the interior multiplication with E, ω = dt ∧ dx 1 ∧ dx 2 ∧ dx 3 is the standard volume form and all hypersurfaces shall be oriented by the transverse vector field ∂ t . The region S ⊂ T − is defined as this part of the future of the image ΦD α (1, 0) which lies in the past of the hypersurface {t = −1}. Here, D ρ (t, x) := {(t, y) | |y − x| < ρ} is an open disk of radius ρ around (t, x). As the integral over D α (1, 0) depends only on the initial data φ 0 and φ 1 there is a constant C such that
Therefore it follows that
The energy E 0 now controls past light-cone integrals of c|ψ| p+1 or, more generally, of the flux density
at any point (t, x) ∈ Q := T − ∩ {−1 ≤ t < 0} according to the following Proposition 1. For notational convenience, let K(t, x) := {(s, y) | − 1 ≤ s < t, |y − x| ≤ t − s} be the solid truncated backward light-cone at (t, x) and M (t, x) := {(s, y) | − 1 ≤ s < t, |y − x| = t − s} its mantle, where (t, x) is a point in the relevant region Q.
Proposition 1. Let ψ ∈ C 2 (Q) be a solution of (14) with initial data supported in D 1 (−1, 0) satisfying the estimate (15). If ∂ t c ≤ 0 on Q then
Proof. Fix (t, x) ∈ Q. Since E is continuously differentiable, direct application of Stokes's theorem yields
Hence, it follows that
IV. BOUNDEDNESS AND WEAK DECAY
Using the local energy estimate established in Proposition 1 the boundedness of ψ in the region Q = T − ∩ {−1 ≤ t < 0} is quite immediate. The argument is exactly the same as in [BS09] and goes back to Pecher [Pec74] . Theorem 1. Let ψ ∈ C 2 (Q) be a solution of (14) with 2 < p < 5 and initial data supported in D 1 (−1, 0) satisfying the estimate (15). If c ≥ 0 is uniformly bounded and ∂ t c ≤ 0 on Q then ψ is uniformly bounded.
Proof. Let ψ 0 ∈ C 2 (Q) be a classical solution of the homogeneous equation ψ 0 = 0 with the same initial data as ψ. Then, for a fixed (t, x) ∈ Q, it holds that
c(s, y)|ψ| p (s, y) t − s dy ds.
Due to the fact that 2 < p < 5 there exists a q with 3/2 < q < (p + 1)/(p − 1). Changing variables and applying Hölder's inequality yields
c|ψ| p (t − |y − x|, y) |y − x| dy 
Consider the first integral. Since q > 1 and c is bounded, so is c q−1 . Furthermore, 0 < pq −(p+1) < q, so that
c|ψ| p+1 (t − |y − x|, y) dy
where 0 < γ < 1 is such that γq = pq − (p + 1). By virtue of Proposition 1
The second integral in (16) can be calculated directly to give
|y − x|
To sum up, the estimate
holds true for any (t, x) ∈ Q. But since the solution ψ 0 of the homogeneous equation is clearly bounded and 0 < γ < 1 this estimate implies the boundedness of ψ itself uniformly on Q.
As a short digression, note that the proof of Theorem 1 given above uses the boundedness of light-cone integrals of the quantity c|ψ| p+1 which is controlled by the "potential" part of the flux defined in Proposition 1. Alternatively, following Shatah and Struwe [SS98] , the integral in (16) could have been estimated by
The first integral would then be controlled by
when 1 < p ≤ 4 and by
when 4 < p < 5. But now, contrarily, the "kinetic" part of the flux could be used to estimate both the L 6 -norm of ψ on M (t, x) by Sobolev embedding as well as the second integral in (17) by Hardy's inequality.
With the function ψ bounded on Q a decay of φ towards the future follows directly.
Corollary 1. Let φ be a classical solution of the wave equation (11) for 3 ≤ p < 5 with initial data φ 0 ∈ C 3 (R 3 ) and φ 1 ∈ C 2 (R 3 ) given at t = 1 and which exists globally towards the future. Assume that the support of φ 0 and φ 1 is contained within the open ball B α (0) of radius α about the origin. Then there is a constant C > 0 such that φ satisfies the decay estimate
for all t ≥ 1 and x ∈ R 3 .
Proof. Given such a solution φ of class C 2 , it was shown in Section II that its conformal transformation ψ = Φ * (Ω −1 φ) is a classical solution of the wave equation (14) on the future of ΦD α (1, 0) in
according to equation (12). So c is certainly bounded on the future of ΦD α (1, 0) in T − because p ≥ 3 and
which implies ∂ t c ≤ 0 on T − again by reason of p ≥ 3. Moreover, as detailed in Section III, the assumptions on the support of φ 0 and φ 1 guarantee that the support of the transformed solution restricted to {t = −1} is compactly contained in D 1 (−1, 0) and that therefore the estimate (15) holds. Thus, Theorem 1 applies and yields boundedness of ψ on Q. Since ψ is also bounded on the compact region S it follows that ψ is bounded on the whole future of ΦD α (1, 0) in T − , say |ψ| ≤ C. But then
on the whole future of D α (1, 0) in T + . In this region, t + |x| ≥ 1 and t − |x| ≥ 1 − α, so that there
Hence, the bound of |φ| can be written in the regularized form (18).
V. IMPROVEMENT OF THE DECAY ESTIMATE
The pointwise decay result of Corollary 1,
can be improved by applying this bound to the nonlinear term in the wave equation (1) and solving the wave equation by inverting the wave operator, i.e. φ = −1 (−|φ| p−1 φ) + χ φ 0 ,φ 1 . Here, χ φ 0 ,φ 1 represents the contribution from the initial data (3), i.e. solves the linear wave equation χ = 0 with (χ, ∂ t χ)| t=1 = (φ 0 , φ 1 ) and is well-known to decay as |χ(t, x)| ≤ C/t. Due to the Huygens principle in three dimensions χ(t, x) is supported in the outgoing light-cone 1 − α ≤ t − |x| ≤ 1 + α. Hence, its decay can be written as
with any power q and some C depending on q. Since φ ∈ C 2 is a classical solution and −1 is a positive measure on R × R 3 we can estimate |φ(t, x)| ≤ −1 |φ| p + |χ(t, x)| ≤ −1 C (1 + t + |x|) p (1 + t − |x|) p + C (1 + t + |x|)(1 + t − |x|) q . (21)
The inverse wave operator can be represented by the Duhamel integral formula and bounded pointwise. According to the Lemma 1 from [Szp07] we get for p > 2 −1 1 (1 + t + |x|) p (1 + t − |x|) p ≤ C (1 + t + |x|)(1 + t − |x|) p−2 .
Choosing q = p − 2 we arrive at our main result Corollary 2. Under the assumptions of Corollary 1 there is a constant C > 0 such that φ satisfies the improved decay estimate |φ(t, x)| ≤ C (1 + t + |x|)(1 + t − |x|) p−2 (23)
VI. OUTLOOK
In some sense, a very similar problem, the linear wave equation with a strong positive potential ∂ 2 t φ − ∆φ + V (x)φ = 0 having prescribed decay at spatial infinity V (x) ∼ 1/|x| k still lacks a sharp pointwise decay estimate. It also has a positive definite energy and can be conformally transformed to a form analogous to (14). However, the function c(t, x) is no more regular at t = |x| = 0. Nevertheless, we expect that our method can be extended to cover this weakly singular case, too.
